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F q u i l i b r i u m  s h a p e s  of a l i qu id ,  s i t u a t e d  on the o u t e r  o r  i n n e r  s u r f a c e  of a r i g i d  c y l i n d e r  and 
r o t a t i n g  t o g e t h e r  wi th  i t  a s  a s o l i d  body,  a r e  s t ud i ed .  We d e t e r m i n e  the p r i n c i p a l  p a r t  of the 
so lu t i on  of the e q u i l i b r i u m  equa t ion  f o r  s m a l l  d e v i a t i o n s  of the d e t e r m i n i n g  p a r a m e t e r  f r o m  
the c r i t i c a l  va lue .  The b i f u r c a t i o n  of r o t a t i o n a l l y  s y m m e t r i c  m o t i o n s  wi th  a f r e e  b o u n d a r y  
in a body  f o r c e  f i e ld  i s  a l s o  i n v e s t i g a t e d .  

1. Suppose tha t  a v i s c o u s ,  i n c o m p r e s s i b l e ,  w e i g h t l e s s ,  c a p i l l a r y  l i qu id  f i l l s  the  s p a c e  b e t w e e n  two 
n e i g h b o r i n g  c y l i n d r i c a l  s u r f a c e s  of r a d i i  r l  and r 2 > r 1. The i n n e r  s u r f a c e  i s  r i g i d  and r o t a t e s  about  i t s  
ax i s  wi th  an a n g u l a r  v e l o c i t y  ~2. We i n t r o d u c e  d i m e n s i o n l e s s  p a r a m e t e r s ,  c h o o s i n g  as  s c a l e s  of length ,  
ve loc i t y ,  and p r e s s u r e  the q u a n t i t i e s  r2, ~r2 ,  p~22r22 (p be ing  the d e n s i t y  of the l iqu id ) .  We sha l l  d i s c u s s  
the m o t i o n  in  a c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  r ,  0, z, w h e r e  r = 0  i s  the c o m m o n  ax i s  of the  c y l i n d e r s .  

We a s s u m e  tha t  a r o t a t i o n a l  f i e ld  of body  f o r c e s  [0, F ( r ) ,  0] a c t s  on the l i qu id .  Then  the N a v i e r -  
S tokes  equa t i ons  have a s t e a d y  s o l u t i o n  in which  the v e l o c i t y  f i e ld  is  [0, V(r) ,  0] and the p r e s s u r e  i s  

! 

P (r) --- - -  ~ V~ (s) ds + P ,  
,) s 
r 

w h e r e  P ,  is  a c o n s t a n t .  The func t ion  V(r)  i s  un ique ly  d e t e r m i n e d  as  the so lu t i on  of the b o u n d a r y  p r o b l e m  

d2V t dV I V = - - F ( r )  
d r  ~ ~ r d r  r ~ 

dV "1 V ~ O for r ~ l  V ~ a for r ~ a, dr r 

(a = r 2 / r i <  t).  

At the s a m e  t i m e  the a d h e s i o n  cond i t i on  ho lds  on the s u r f a c e  r =a, while  the  c ond i t i ons  Of i m p e n e -  
t r a b i l i t y  and l a c k  of t a n g e n t i a l  s t r e s s  hold on the s u r f a c e  r = l .  Choos ing  P .  = f i - 1  w h e r e  f l=p~2r23/ f f  , a 

b e i n g  the s u r f a c e  t e n s i o n  coe f f i c i en t ,  we c a n  v e r i f y  tha t  at  r = 1 the n o r m a l  s t r e s s  i s  equa l  to the  c a p i l l a r y  
p r e s s u r e .  Thus  the  s u r f a c e  r = l  i s  a f r e e  s u r f a c e .  

Of p h y s i c a l  i n t e r e s t  i s  the c a s e  F = 0 ,  so  tha t  

V =  r, P = (r 2 - 1 ) / 2 +  ~-1. 

In th i s  c a s e  the l iqu id  and the c y l i n d e r  r o t a t e  a s  one so l id  body .  

We sha l l  c a l l  the  m o t i o n  of the l iqu id  d e s c r i b e d  above f u n d a m e n t a l .  L a t e r  we sha l l  look  f o r  r o t a t i o n -  
a l ly  s y m m e t r i c  m o t i o n s  tha t  b r a n c h  off f r o m  the f u n d a m e n t a l  mo t ion .  We s e e k  v e l o c i t y  and p r e s s u r e  f i e l d s  
of the f o r m  

v l = ( u , v + v , w ) ,  p l = p §  = ~ r ~  2],~), 

w h e r e  R i s  the  R e y n o l d s  n u m b e r .  The func t ions  u, v, w, p depend  only on r ,  z.  I n s e r t i o n  of v 1, pl  into the 
N a v i e r - S t o k e s  e q u a t i o n s  r e s u l t s  in the  fo l lowing  s y s t e m ,  invo lv ing  v = (u, ~/, w) and p:  

N o v o s i b i r s k .  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 2, pp.  127- 
134, M a r c h - A p r i l ,  1973. O r i g i n a l  a r t i c l e  s u b m i t t e d  N o v e m b e r  11, 1972. 
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At( - -  r-~u - -  Pr + 2Rosy = R (uttr + wu~ " r - iv  ~) 
Av - -  r-~v - -  Rgu  = R (uvr + wvz -4- r-luv) 

Aw - -  Pz = R (uwr -4- wwz) (1.1) 
r - '  (rU)r + wz = 0 

Here  the  s u b s c r i p t s  r ,  z denote  c o r r e s p o n d i n g  p a r t i a l  d e r i v a t i v e s  and 

~(r)  V d V  v 
= - V - '  g (r) = "-~-~'r -t- "-7" 

0 -~ 1 0 02 
A ------ -~r~ + -7- ~ r  + --~-z~ 

Le t  r = n ( z )  r e p r e s e n t  the  equa t ion  of the  f r e e  s u r f a c e .  It wi l l  be  a s s u m e d  tha t  the  m o t i o n  i s  p e r i o d i c  
wi th  p e r i o d  I in  the  z - d i r e c t i o n :  

v ( r , z +  l ) = v ( r , z ) ,  p ( r , z +  l) = p ( r , z ) ,  ~ l ( Z +  l) = ~1 (z) (1.2) 

and tha t  u, v, p, n a r e  e v e n  func t ions  of z, whi le  w i s  odd:  

( r , z )  = tt ( r , - - z ) ,  v ( r , z )  = v ( r ,  - - Z ) ,  11 (Z) = ~ l ( - - Z )  
p ( r , z )  = p ( r ,  --z),  w ( r , z )  = - - w ( r ,  --z) (1.3) 

On the r i g i d  s u r f a c e  the a d h e s i o n  cond i t i on  ho ld s :  

u = v =  w =  0 for r = a (1.4) 

On the free boundary the normal velocity component and the tangential stress vanish, while the nor- 
real stress is equal to the capillary pressure. In terms of v, p, ~ this can be written 

u - - ~ w  = 0 for r----- ~1 (1.5) 

( t - -~ l~ ) (uz~ -Wr) -~ -2{ l (Ur - -Wz)=O for r = q  (1.6) 

( V + v ) r - - r  - l ( V + r ) - { l v z = O  for r = l  l 
t [ ;i t ] = _ ( p + p ~  + ( 1 . 7 )  

2 
-{- R (1 + ~*~ [ur - -  i12 (uz + wr) -{- {12Wz] for r ---- ~1 

(il ---- d~l / dz, "]i = d*q / dz*) (1.8) 

To t h e s e  cond i t i ons  we add a cond i t i on  on the c o n s t a n c y  of the vo lume  of the l iqu id  con ta ined  b e t w e e n  
the p l a n e s  z =0 and z = l in the  f u n d a m e n t a l  and the p e r t u r b e d  m o t i o n s  

l 

I (q* - -  I) dz = 0 (1.9) 

0 

Equations (1.1)with the conditions (1.2)-(1.9) have the trivial solution v--0, p=0, ~?=1 (we recall that 
V ~ (1) - V (I) = 0, P (1) =fl -I). We shall find solutions of(he problem (I .1)-(1.9) that branch off from the trivial 
solution for some values of the parameters fl, Ro 

2. In this and the following sections it is assumed that F=0, V=r, while w=l ,  g=2. We shall show 
that then v =0, p=const in the solution of the problem (1.1)-(1.9). 

We multiply the first of Eqs. (1.1) by u, the second by v, and the third by w. We then integrate these 
equalities over the range 0 < z < l ,  a < r < ~? and add the results. Both parts of the relationship obtained are 
integrated by parts with the use of the equation of continuity and conditions (1.2)- (1.7). We find 

l ~I (z)  
u ~ 2 "I ( 7; ,, _ _  _ ~ . + y 2  4_ 2 t 

I dz 5 [ u''~jI-'Ty'+~`wz ~- -2-  \ - - I  -}--~-+z -}-"~'(+z-~Wr) ']  rd r  
0 a 

F r o m  th i s  and f r o m  (1.4) i t  fo l lows  tha t  u = v = w = 0 .  Equa t ion  (1.1) g i v e s  p = c o n s t ;  we denote  th i s  con- 

slant c .  

Thus ,  if  the fundamen ta l  so lu t ion  is  the r o t a t i o n  of the l iqu id  as  a so l id  body,  then  in the p e r t u r b e d  
m o t i o n  the  v e l o c i t y  f i e ld  r e m a i n s  as  i t  was ,  whi le  only the f r e e  s u r f a c e  i s  p e r t u r b e d .  Th i s  fac t  was  noted  
by  Ch in -Shun  Yth [1], who has  s tud ied  the s t a b i l i t y  of a l i qu id  f i l m  on the s u r f a c e  of a r o t a t i n g  c y l i n d e r  in a 
l i n e a r  a p p r o x i m a t i o n .  The  b r a n c h i n g  p r o b l e m  r e d u c e s  to  the  s e a r c h  f o r  a funct ion  7/ and a cons t an t  C f o r  
which  the fo l lowing  equa t ion  i s  s a t i s f i e d  

~i _ i ~_ i -t- ~ (~12 - -  l)  -}- 13C _ O, (2.1) 
0 + G~) "/` "n 0 + G') v" z --if- 
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along with  cond i t i on  (1.9) and the cond i t i on  tha t  r~ be a p e r i o d i c  e v e n  funct ion .  

The p r o b l e m  we have f o r m u l a t e d  i s  a s p e c i a l  c a s e  of a p r o b l e m  c o n s i d e r e d  by  L.  A.  S lobozhan in  [2]. 
In  th i s  p a p e r  the b r a n c h i n g  p r o b l e m  we i n v e s t i g a t e d  by  the L y a p u n o v - S c h m i d t  me thod  in the  c a s e  w h e r e  a 
l iqu id  i s  con ta ined  b e t w e e n  p a r a l l e l  p l a t e s  z = 0 and z = 1 / 2  and r o t a t e s  t o g e t h e r  with t h e m  as  a r i g i d  body .  
The e q u i l i b r i u m  shape  was  not  a s s u m e d  to be a x i s y m m e t r i c  ahead  of t i m e .  The  p l ane  ana logue  of th i s  p r o b -  
l e m  was  c o n s i d e r e d  e a r l i e r  by  Yu. K. B r a t u k h i n  and L.  N. M a u r i n  [3]. 

By use  of a me thod  s u g g e s t e d  in  [2], the p r o b l e m  (2.1), (1.9) i s  r e d u c e d  to an i n t e g r o d i f f e r e n t i a l  e q u a -  
t i on  fo r  ~?. To ach ieve  th i s  one m u s t  e l i m i n a t e  the c o n s t a n t  C, i n t e g r a t e  (2.1) f r o m  0 to  l, and m a k e  use  of 
(1.9). As the  r e s u l t  of t h i s  we ob ta in  

l 

(t+/l~)~ n ( t + ~ ) v  ~ + + - y  n(t+~),/~ - - 0  (2.2) 

Equa t ion  (2.2), l i n e a r i z e d  n e a r  V = 1, ha s  the f o r m  

! 

t I (2.3) ~ §  V x d z + ~ x = O  
0 

Uni t ing  the cond i t i ons  

x(~  + z) = x (z ) ,  x (z )  = x ( -  z) 

with  (2.3) we ob ta in  a l i n e a r  p r o b l e m  f o r  the e i g e n v a l u e s .  I t s  e i g e n v a l u e s  a r e  

6o = O, ~. = auk ~ - -  I for k = 1, 2 . . . .  (a ---- 2n/l), 

and the e i g e n f u n c t i o n s  a r e  as  f o l l o w s :  

x0---- t ,  x~----- cosakz for k >  i 

E a c h  p r o p e r  n u m b e r  i s  s i m p l e  and,  a c c o r d i n g  to a t h e o r e m  by M. A. K r a s n o c e l ' s k i i  [4], t h e r e  i s  a 
b i f u r c a t i o n  po in t  of Eq.  (2.2). Keep ing  in mind  tha t  the p a r a m e t e r  f l=pf12r23/a m u s t  be p o s i t i v e  to have 
p h y s i c a l  mean ing ,  we w r i t e  the b r a n c h i n g  cond i t ion  in the f o r m  

p~2r23/p = (2~k / l )  2 -  i ,  2 ~ k / l >  1 (k = 1, 2 . . . .  ) ,  (2.4) 

We note tha t  the  b r a n c h i n g  cond i t i on  does  not  depend  on the R e y n o l d s  n u m b e r .  Th i s  fac t  was  m e n -  
t i oned  in [1]. 

To f ind the  p r i n c i p a l  p a r t s  of s o l u t i o n s  of Eq.  (2.2) tha t  b r a n c h  f r o m  7? = 1 we use  the L y a p u n o v -  
Schmid t  m e t h o d .  F o l l o w i n g  [2], we can  show tha t  n e a r  ~? = 1 r e a l  so lu t i ons  of Eq. (2.2) e x i s t  only  f o r  fl< flk- 
(A s i m i l a r  d e d u c t i o n  was  m a d e  in [3],) M o r e o v e r ,  we sha l l  r e s t r i c t  our  s e a r c h  to so lu t i ons  b r a n c h i n g  fo r  
the s m a l l e s t  b i f u r c a t i o n  va lue ;  f~=fl--O~2-1; o~ > 1 so  tha t  fit > 0. Pu t t i ng  p 2 = o ~ 2 - 1 - f ,  we s e e k  a s o l u t i o n  of 
the  f o r m  

(The c o n v e r g e n c e  of th i s  s e r i e s  fo l lows  f r o m  r e s u l t s  of [2].) The func t ions  ~71, 772, rl3 s a t i s f y  the equa t i ons  

l 

I ' = ( 2 . 5 )  ih § :r - -  -[-- f 'h dz 0 
0 

l 

i I( {~ -}- cr - -  -7- ~2 dz = 7 - -  "@ --  -~- ih 2 + "-t- 
o o 

l 

~13 + :~ls  - -  "7- ~ ~h dz = ~ h  - -  (~?" - -  3 )  ~ h ~ l ~  - -  ' ~ / 1 2  - -  ~ 
0 

l 

3=~--t , 1 ( ' [ \ ,  3 t 

0 

Equa t ions  (2.5) and (2.6) a r e  s o l v e d  s e q u e n t i a l l y  and g ive  

~t = q cos ~z, ~h = - -  1/~q~ ~_ q~ cos ~z - -  ~/~q~-~ cos 2~z 

w h e r e  q, ql  a r e  u n d e t e r m i n e d  c o e f f i c i e n t s .  The c o n s t a n t  q i s  found f r o m  the cond i t i on  tha t  Eq.  (2.7) be  
s o l v a b l e  in  the  c l a s s  of l - p e r i o d i c  f t ~ c t i o n s .  I t s  va lue  i s  
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q __ 2v,3-'/$~ (~6 ~4 + 3~ + i)-"; (2.8) 

(we discard the second value of q because the corresponding solution of Eq. (2.2) is obtained from the solu- 
tion at hand by replacing z with z +l/2.) The constant ql is found from the solvability condition on the equa- 
tion for ~74, which will not be given. It is found that ql =0. Thus the principal part of the solution of (2.2) 
for small # = (a2_ t_fl)l/~ is represented in the form 

~1 = 1 + pq cos ~z -- ~t2q ~ (:/~ -t- :/,~r cos 2~z) -1- 0 (~t ~) (2.9) 

where q(~) is given by Eq. (2.8). 

3. The branching condition (2.4), as well as the shape of the per turbed surface,  does not depend on 
the pa rame te r  a, the dimensionless radius of the r igid cylinder.  (It Is assumedthat/~ is so smal l tha t  min ,7 �9 a.) 
The solution of the problem on the ax isymmetr ic  equil ibrium shapes of a rotating liquid that branch f rom a 
c i rcu la r  cylinder does not change when the inner body has an a rb i t r a ry  shape, so long as it is contained in 
the cylinder r---a < 1. In par t icular ,  the rigid body can be absent altogether.  Moreover ,  the above consid-  
erat ions remain  in force if the equality V = r for  the fundamental motion holds only for r in some neighbor-  
hood of unity. If the wetting angle is equal to ~/2, the solution of the problem can be combined with the con- 
ditions for  adherence on planes z =0 and z = k / / 2  that rotate together with the cylinder; we have a problem 
s imi lar  to that considered in [2]. 

It has already been pointed out above that the branching condition (2.4) does not depend on the Rey-  
nolds number.  Thus nonuniqueness in the equil ibrium shape of a rotating liquid appears for  a rb i t rar i ly  
Small Reynolds numbers .  The origin of this effect is the presence  of the free surface.  It is well known 
that at small  Reynolds numbers  the steady motion of a viscous liquid, bounded by rigid walls, is unique. 
The nonuniqueness of a motion with a free boundary, described above, is essent ial ly  of a geometr ical  na- 
ture;  it is connected with the onset of "deflection" of the minimal surface in the centrifugal force field, 
given by Eq .  {2.1). This deformation of the surface is not i sometr ic ,  but it conserves  volume. 

In the perturbed and the fundamental motions the p ressu re  differs by the constant C =C (p); C -  0 for  
# --0. By subjecting the solution to the additional condition C (p)~ 0 we obtain a relationship between ~= 
27r/l and ~. The relationship C =0, (2.1), and (1.9) lead to the equality 

l 

1 ~ dz t 
I 2o n (I + i12) ~ 

Inserting expression (2.9) into this equality, we find that ~--4-3+O(p) for p--0. 

It is stated in [2] that for small p branching equilibrium shapes are unstable. Results of [3] indicate 
the existence of equilibrium shapes that are remote from the trivial one (for the plane problem). 

If, with increasing/~, the condition that the free boundary should not intersect the surface of the cy- 
linder is violated, min~_-> a, t h_enthe solution of Eq. (2.2) loses physical  meaning. Inthis  case,  however, one 
can look for nontrivial  equil ibrium shapes of the rotating liquid with unconnected f ree  boundaries.  
Finding them involves the determination of a p iecewise-smooth  function ~(z) which sat isf ies Eq. (2.2) only 
in the interval i zl <b (0 <b < 1/2),  while for b < z < l / 2 ,  - l / 2  < z < - b  one has v =a.  Fi rs t  of all the function 

is assumed to be l -per iodic ,  even, and such that condition (1.9) is satisfied. At points where the free 
boundary touches the rigid surface the conditions 

~l(!-~ b) = a, " ( ~ b )  = - 7 - t g  ? 

are satisfied, where T E (0, ~r) is a p resc r ibed  wetting angle. The pa rame te r  b is determined during the 
course  of solution. A solution of the problem just formulated exists if the quantities ( 1 - a ) / l  and T a re  
sufficiently small .  

We shall now consider  the problem on the equilibrium shapes of a liquid situated on the inner surface 
of a hollow cylinder and rotating with it as a solid body. This problem reduces to Eq. (2.2), in which the 
p a r a m e t e r  fl must be replaced by - f t .  The bifurcation values of/3 a reg iven  by the formula  flk = 1-a2k 2, k-~l 
being an integer. As fl > 0, there are a finite number of them for  any fixed value of ~< 1. A pair  of equi- 
l ibr ium shapes branches  f rom each value flk that is l ess  than ~ .  This conclusion is somewhat unex- 
pected, as it runs cont rary  to a pr ior i  notions concerning the stabilizing role of centrifugal force in the 
motion under conside ration. 

4. We shall now discuss the branching problem (1.1)-(1.9) in the case V~ r.  
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We denote  by  C / m + x  the  s u b s p a c e  o f / - p e r i o d i c  e v e n  func t ions  of the H h l d e r  s p a c e  C m +2,(_oo, ~) ,  
m->0 b e i n g  an  i n t e g e r ,  and  0 < X <  1. Le t  ~?(z) EC~ +~t and m i n  77 >a .  F o r  f ixed  V and V(r)  E C 3 •  m a x  7/] we 
c o n s i d e r  the fo l lowing  a u x i l i a r y  p r o b l e m :  to  f ind  in  the  i n t e r v a l  ~ = {r, z: a ~ r ~< ~1 (z), - -  co < z < oo } 
a s o l u t i o n  v ( r ,  z), p ( r ,  z) of the s y s t e m  (1.1) tha t  s a t i s f i e s  cond i t i ons  (1 .2)-(1,7) .  In wha t  fo l lows  Co, C1, C 2 
deno te  p o s i t i v e  c o n s t a n t s  and  1 v I 2+~, I Vp b. , [ ~l - -  I ] 3+~ deno te  H61der n o r m s  of  the  c o r r e s p o n d i n g  func t ions ,  
c a l c u l a t e d  o v e r  t h e i r  d o m a i n s  of  d e f i n i t i o n .  The  fo l lowing  p r o p o s i t i o n ,  s t a t e d  wi thout  p roof ,  i s  v a l i d .  

P r o p o s i t i o n  4.1.  Le t  I ~l - -  t I 8+x ~ e, w h e r e  e > 0 i s  s u f f i c i e n t l y  s m a l l ,  and f o r  a < r <  1 + e  l e t  one of 
the  fo l lowing  cond i t i ons  hold :  

~o (r) = -7-V ~ 0 ,  g(r) =__~r _t__7 Y ~ 0  (4.1) 

R I Zr 1< Co (4.2) 
w h e r e  C o depends  only on l, a ,  e .  Then  the s o l u t i o n  of the p r o b l e m  (1.1)-(1.7)  e •  un ique ly  (in the  s m a l l )  
and s a t i s f i e s  the i n e q u a l i t y  

[v[~+~+lVpl~<Cl(]Kl]~]--ll3+x+]~l--ll~+x ) (g = v,,0) ) (4.3) 

The a s s e r t i o n  c o n c e r n i n g  the u n i q u e n e s s  of the s o l u t i o n  of p r o b l e m  (1.1)-(1.7)  m u s t  be u n d e r s t o o d  in 
the  fo l lowing  s e n s e :  the v e l o c i t y  v e c t o r  v i s  d e t e r m i n e d  u n a m b i g u o u s l y  and the p r e s s u r e  p i s  d e t e r m i n e d  
to  wi th in  an add i t i ve  c o n s t a n t .  We put  p =P0 +C, w h e r e  the funetioi1 P0 i s  d e t e r m i n e d  u n a m b i g u o u s l y  fo r  a 
g iven  v by  Eq,  (1.1) and the cond i t i on  

l ~ (z)  

~dz I Po rdr=O 
0 a 

F o r  s i m p l i c i t y  it  i s  f u r t h e r  a s s u m e d  tha t  V" (1 )=K=O.  In th i s  c a s e  the b r a n c h i n g  cond i t i on  fo r  the 
p r o b l e m  (1.1)-(1.9)  can  be w r i t t e n  e x p l i c i t l y .  

We i n s e r t  the s o l u t i o n  v, p =P0 +C of the  a u •  p r o b l e m  into the r e m a i n i n g  cond i t i on  on the f r e e  
s u r f a c e  (1.8). In the e q u a l i t y  (1.8) we r e p l a c e  P07) with p=fi-1 +s072_1) /2  +4,, w h e r e  s =V2(]) and cI'0?) = 
O07 - 1) 3 fo r  V ~ 1; we a s s u m e  tha t  V(1) r  We then  t r a n s f o r m  the r e s u l t i n g  r e l a t i o n s h i p  by e l i m i n a t i n g  

the c o n s t a n t  C by cond i t i on  (1.9), ob ta in ing  

N (n) ------ (~ + ~),,, "~ 0 + ~)'/' + 1 (n ~ - -  l)  + 7 -  n (~ + ~)'/~ + 0 (n) - -  T in (z)l dz = 0 
o 

( 
The s y m b o l  u r deno te s  an o p e r a t o r  a c t i ng  a c c o r d i n g  to the r u l e :  Ur[V (z)] =Ur [~(z  ), z], w h e r e  u( r ,  z) i s  d e -  
t e r m i n e d  f r o m  the s o l u t i o n  of the p r o b l e m  (1.1)-(1 .7) .  The o p e r a t o r s  V'z . . . . .  P0 a r e  d e t e r m i n e d  in a s i m -  

i l a r  way .  

We note  tha t  u n d e r  the  cond i t i ons  of  P r o p o s i t i o n  4.1 we have f r o m  the i n e q u a l i t y  (4.3) and the de f i n i -  

t ion  of K = 0 an e s t i m a t e  of �9 of the f o r m  Q 07) 

I 0 (~)h+~, < C~ I ~ - -  t I~+~ (4.5) 

R e l a t i o n s h i p  (4.4) can  be t r e a t e d  as  an o p e r a t o r  equa t ion  fo r  the d e t e r m i n a t i o n  of the func t ion  ~7 (z). 
If V i s  a s o l u t i o n  of (4.4), the c o n s t a n t - v o l u m e  cond i t ion  (1.9) i s  s a t i s f i e d  a u t o m a t i c a l l y .  As  a c o n s e q u e n c e  
of the e s t i m a t e  (4.3) and cond i t i ons  (1.2), (1.3), which  the func t ions  u, w, p s a t i s f y ,  the o p e r a t o r  N ac t s  out 
of C ~+~ into C} +~.  To d e m o n s t r a t e  th i s  we p e r f o r m  a F r ~ c h e t  d i f f e r e n t i a t i o n  on the o p e r a t o r  N in the 
sP he/re ,] ~ - -  ~ I S+~, ~ e. On the b a s i s  of (4.4), (4.5) i t s  F r ~ c h e t  d e r i v a t i v e  at  the po in t  ~ = 1 has  the f o r m  

r (4.6) "2, + x - -  -7 -  ~ x dz  + ~sx ==- L (x) + asx 

The o p e r a t o r  L has  the  s i m p l e  p r o p e r  n u m b e r s  Po = 0, #k=  1-~-  2k2 fo r  _k = 1, 2 . . . . .  As Pk > 1, t h e r e  
i 1 +A 3 +h e x i s t s  an o p e r a t o r  tha t  i s  the i n v e r s e  of  L - I ,  n a m e l y  ( L - I ) -  : C~ ~ C  l ff i s  the  i d e n t i t y  o p e r a t o r ) .  

F r o m  (4.4)-(4,6)  and the de f in i t i on  of a F r 6 c h e t  d e r i v a t i v e  i t  fo l lows  tha t  

N ( x +  1) = L(x) + ~sx+ T(x) ([T(x) l~x=O(Ixl~+x)for x-,O) 

With  the  n o t a t i o n  x=~? --1,  we w r i t e  Eq.  (4.4) in the f o r m  
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(L - - / )  (x) -1- T (x) = --  (t -}- as) x 

and we apply the ope ra to r  ( L - I )  -1 to both s ides of the equality,  obtaining 

x -4- (n -- I )-IT (x) = - -  (i -}- as) (L - -  i)-1 (x!, (4.7) 

Here the ope ra to r  ( L - I )  -1 is comple te ly  continuous in C~ + k  The ope ra to r  ( L - I ) - I T  is continuous 
and admits  of the e s t ima te  

[ (L - - I ) - IT (x ) [3+s=O( lx [~+~)  for x - + 0 ,  

It  follows f r o m  this that there ex i s t s  a reso lvent  of the nonlinear  ope ra to r  ( L - I ) - I T .  In other  words,  
the equation x + (L - I ) -~T  (x) =f ,  f E  C~ +X has aunique solution for  any sufficiently smal l  [ fl3+X in some sphere  
] x [ ,§ < 8, 0 < 6 < e. We r e p r e s e n t  this solution in the f o r m  x = ~ / ,  where ~ is a continuous opera to r  
in C~ +X. Moreover ,  ~ = I + S, while [SOt)[ 3 +X = O ([.fl ~ +X) where f ~ 0 .  This  enables  us to write Eq. 
(4.7) in the equivalent  f o r m  

x = --  (1 ~- [~s) [ (L-- / ) -1  (x) ~- S (L --  i)-1 (x)] ~ --  (I ~- ~s) A (x) (4.8) 

The ope ra to r  A is complete ly  continuous in the sphere  Ix[ 3+X< 6 and A(0)=0. I ts  Fr6chet  der ivat ive  
at ze ro  is ( L - I )  -1. According to a t heo rem by M. A. Krasnose l ' sk i i  [4], each s imple  p r o p e r  number  Xk of 
the ope ra to r  ( L - I )  -1 is a b i furcat ion point of Eq. (4.8). But between the p rope r  numbers  Xk of the ope ra to r  
( L - I )  -1 and the s imple  p r o p e r  numbers  #k  of the ope ra to r  L there  is an obvious re la t ionship:  1 +Xk=# k. 
With the notation X k = -  (1 +ilk s) and the use of the exp res s ions  for  the Pk, we find the b i furca t ion  values of 
the p a r a m e t e r s  fl :rio=O, flk=S-l(o~2k2-1) (k= l ,  2 . . . .  ). 

For  smal l  x=~/- -1  Eq.(4.8) is equivalent  to p rob l em (1.1)-(1.9). Taking the fact  that the p a r a m e t e r  fl 
is posi t ive into account, we write the branching condition for  the solution of p rob lem (1,1)-(1.9) in the f o r m  

~ = s -1 (~'c 2 --  t), ~k > i (~ = i, 2 . . . .  ) (4.9) 

Condition (4.9) is s i m i l a r  to the branching condition (2.4) and, like the la t te r ,  does not contain the 
Reynolds number .  However,  a secondary  flow that b ranches  f r o m  the fundamental  for  f l=flk no longer  
leads to a s imple  change in the shape of the f ree  sur face .  It is qual i tat ively remin i scen t  of the Tay lo r  
vor t i ces  that a r i s e  in the motion of a liquid between two rotat ing cy l inders .  

In the more  genera l  case ,  when V"(1)r  but one of the conditions (4.1) or  (4.2) is fulfilled, the con- 
s idera t ions  leading to the demons t ra t ion  of the exis tence of secondary  flows r ema ins  as before .  However,  
the branching condition (depending on R) has a compl ica ted f o r m  and is not given here .  

The authors  thank V. Kh. Izakson  for  his d i scuss ion  of the work .  
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